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GENERIC CONTINUITY OF METRIC ENTROPY FOR
VOLUME-PRESERVING DIFFEOMORPHISMS
JIAGANG YANG AND YUNHUA ZHOU
Abstract. Let M be a compact manifold and Diff1
m
(M) be the set of C1
volume-preserving diffeomorphisms of M . We prove that there is a residual
subset R ⊂ Diff1
m
(M) such that each f ∈ R is a continuity point of the map
g → hm(g) from Diff1m(M) to R, where hm(g) is the metric entropy of g with
respect to volume measure m.
1. Introduction
Let M be a smooth compact Riemannian manifold with dimension d, and m
be a smooth volume measure on M . Without loss of generality, we always assume
thatm(M) = 1 in this paper. Denote by Diffrm(M) the set of C
r volume-preserving
diffeomorphisms of M endowed with Cr topology for r ≥ 1.
Our main result is
Theorem 1.1. There is a residual subset R ⊂ Diff1m(M) such that each f ∈ R is
a continuity point of the metric entropy map
E : Diff1m(M) → R
g 7→ hm(g),
where hm(g) is the metric entropy of g with respect to volume measure m.
The study of variation of entropy mainly focuses on two issues: the continuity of
topological entropies and of metric entropies. In generally, the variation of entropies
is not even semicontinuous (e.g., see [7]). S. Newhouse([9]) proved that the metric
entropy function
µ→ hu(f)
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is upper semicontinuous for all f ∈ Diff∞(M). In [8] (see also [4]), Y. Yomdin
proved that the topological entropy function
f → h(f)
is upper semicontinuous on Diff∞(M). Together with the result of A. Katok ([5]),
topological entropy is continuous for C∞ systems on surface. Recently, G. Liao etc.
([6]) extend the semicontinuity results of Newhouse and Yomdin to C1 diffeomor-
phisms away from tangencies.
2. Preliminaries
2.1. Lyapunov exponents and dominated splitting. Given f ∈ Diff1m(M), by
Oseledec Theory, there is a m-full invariant set O ⊂ M such that for every x ∈ O
there exist a splitting (which is called Osledec splitting)
TxM = E1(x)⊕ · · · ⊕ Ek(x)(x)
and real numbers (the Lypunov exponents at x) χ1(x, f) > χ2(x, f) > · · · >
χk(x)(x, f) satisfying Df(Ej(x)) = Ej(fx) and
lim
n→±∞
1
n
ln ‖Dfnv‖ = χj(x, f)
for every v ∈ Ej(x) \ {0} and j = 1, 2, · · · , k(x). In the following, by counting
multiplicity, we also rewrite the Lyapunov exponents of m as
λ1(x, f) ≥ λ2(x, f) ≥ · · · ≥ λd(x, f).
For x ∈ O, we denote by
ξi(x, f) =
{
λi(x, f), if λi(x, f) ≥ 0;
0, if λi(x, f) < 0
and
χ+(x, f) =
∑
ξi(x, f).
By the definitions, it is obviously that for f, g ∈ Diff1m(M), one has
(2.1)
∫
|χ+(x, f)− χ+(x, g)|dm(x) ≤
∑∫
|λi(x, f)− λi(x, g)|dm(x)
For f ∈ Diff1m(M) and δ > 0, denote by U(f, δ) the set of diffeomorphisms
g ∈ Diff1m(M) such that the C
1 distance between g and f is less than δ.
Given a diffeomorphism f , we say Df has a dominated splitting of index i at a
point x ∈M if there are a Df -invariant splitting Torb(x)M = E⊕F and a constant
N(x) ∈ N such that dim(F ) = i and
‖DfN(x)|E(fj(x))‖
m(DfN(x)|F (fj(x)))
<
1
2
, ∀j ∈ Z.
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We also denote the dominated splitting by E ≺ F .
Let Λ be an f -invariant set and TΛM = E⊕F be a Df -invariant splitting on Λ.
We call TΛM = E ⊕ F be a N -dominated splitting, if there exists N ∈ N such that
‖DfN |E(y)‖
m(DfN |E(y))
<
1
2
, ∀y ∈ Λ.
Let us note that the dominated splitting has persistence property ([3]). That is, if
Λ is an f -invariant set with an N -dominated splitting, then there is a neighborhood
U of Λ and a C1-neighborhood U of f such that for every g ∈ U , the maximal g-
invariant set in the closure of U admits an N -dominated splitting, having the same
dimensions of the initial dominated splitting over K.
2.2. C1 generic properties. We recall three C1 generic properties which will be
used in the proof of Theorem 1.1.
The first is about the relation of Osledec splitting and dominated splitting.
Lemma 2.1. (Theorem 1 of [2]) There exists a residual set R ⊂ Diff1m(M) such
that, for each f ∈ R and a measurable function N :M → N such that for m-almost
every x ∈ M , the Oseledets splitting of f is either trivial or is N(x) dominated at
x.
The second one is the generic continuity of the Lyapunov spectrum.
Lemma 2.2. (Theorem D of [1]) Fix an integer r ≥ 1. For each i, the continuous
points of the map
λi : Diff
r
m(M) → L
1(M)
f 7→ λi(·, f)
form a residual subset.
The third property is the generic persistence of invariant sets. It says that if f
is a generic volume-preserving diffeomorphism, then its measurable invariant sets
persist in a certain (measure-theoretic and topological) sense under perturbations
of f .
Lemma 2.3. (Theorem C of [1]) Fix an integer r ≥ 0. There is a residual set
R ⊂ Diffrm(M) such that for every f ∈ R, every f -invariant Borel set Λ ⊂M with
positive volume, and every η > 0, if g ∈ Diffrm(M) is sufficiently close to f then
there exists a g-invariant Borel set Λ˜ such that
Λ˜ ⊂ Bη(Λ) and m(Λ˜△Λ) < η,
here Bη(Λ) = {y ∈M : d(x, y) < η for some x ∈ Λ}.
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2.3. C1 Pesin entropy formula. In [10], W. Sun and X. Tian proved that the
Pesin entropy formula holds for a generic f ∈ Diff1m(M).
Lemma 2.4. (Theorem 2.5 of [10]) There exists a residual subset R ⊂ Diff1m(M)
such that for every f ∈ R, the metric entropy hm(f) satisfies Pesin’s entropy
formula, i.e.,
hm(f) =
∫
M
χ+(x, f)dm.
In fact, Lemma 2.4 is a corollary of Ruelle’s inequality and the following result.
Lemma 2.5. (Theorem 2.2 of [10]) Let f : M → M be a C1 diffeomorphism
on a compact Riemannian manifold with dimension d. Let f preserve an invariant
probability µ which is absolutely continuous relative to Lebesgue measure. For µ-a.e.
x ∈M , denote by
λ1(x) ≥ λ2(x) ≥ · · · ≥ λd(x)
the Lyapunov exponents at x. Let N(·) : M → N be an f -invariant measurable
function. If for µ-a.e. x ∈ M , there is a N(x)-dominated splitting: Torb(x)M =
E ≺ F , then
hµ(f) ≥
∫
M
χF (x)dm
here χF (x) =
∑dimF (x)
i=1 λi(x).
3. Proof of Theorem 1.1
Proof of Theorem 1.1. We will prove the Theorem by two steps. In step 1, we first
prove that there is a residual subset R1 ⊂ Diff
1
m(M) such that the entropy map E
is upper-semicontinuous at each f ∈ R1. In step 2, it will be proved that the set of
lower-semicontinuous points of E contains a residual set R2 ⊂ Diff
1
m(M). Setting
R = R1 ∩R2, we complete the proof of Theorem 1.1.
Step 1. Let R1 ⊂ Diff
1
m(M) satisfying Lemma 2.2 and Lemma 2.4. In this step,
we will prove that, for any f ∈ R1,
lim sup
g→f
hm(g) ≤ hm(f).
In fact, by Lemma 2.4,
hm(f) =
∫
M
χ+(x, f)dm, ∀f ∈ R1.
So, by the well known Ruelle’s inequality
hm(g) ≤
∫
M
χ+(x, g)dm, ∀g ∈ Diff1m(M)
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and (2.1), we have that for ∀g ∈ U(f, δ),
(3.1)
hm(g)− hm(f) ≤
∫
M
|χ+(x, g)− χ+(x, f)|dm ≤
∑∫
M
|λi(x, f)− λi(x, g)|dm.
Combining with Lemma 2.2, we proved the upper-semicontinuiation.
Step 2. Let R2 ⊂ R1 which satisfies Lemma 2.1 and Lemma 2.3. We will prove
that the entropy map E is lower-semicontinus at each f ∈ R2. That is, for any
f ∈ R2 and ε > 0, there are positive numbers δ and D such that
(3.2) hm(g) ≥ hm(f)−Dε, ∀g ∈ U(f, δ),
here D is only dependent on d and Df .
If the Oseledec splitting of f is trivial on Lebesgue almost every point, then
hm(f) = 0 and hm(g) ≥ hm(f) for all g ∈ Diff
1
m(M). This means that the metric
entropy map is lower semicontinuous at f . So, in the following, we always assume
that the Oseledec splitting of f is not trivial.
Let
Mi(f) = {x : λi(x, f) > 0, λi+1(x, f) ≤ 0}.
Then
(3.3) Mi(f) ∩Mj(f) = ∅, ∀ i 6= j
and
(3.4) hm(f) =
d∑
i=1
∫
Mi(f)
i∑
j=1
λj(x, f)dm.
Claim 1. For any ε > 0, there is δ1 > 0 such that for any g ∈ U(f, δ1) and
i = 1, 2, · · · , d, there exists M ′i(f) ⊂Mi(f) such that m(Mi(f) \M
′
i(f)) < ε and
λi(x, g) > 0, m-a.e. x ∈M
′
i(f).
Proof of Claim 1. For any ε > 0 and i = 1, 2, · · · , n, there is k(i) > 0 such that
(3.5) m(Mi(f) \Mik(i)(f)) <
ε
2
here
Mik(i)(f) = {x ∈Mi(f) : λi(x, f) ≥
1
k(i)
}.
Let ε′ = min{ε, ε2k(1) , · · · ,
ε
2k(n)}. By Lemma 2.2, there is δ1 > 0 such that for
any g ∈ U(f, δ1) and any i,∫
M
|λi(x, g)− λi(x, f)|dm < ε
′
Set
M ′i(f) = {x ∈Mik(i)(f) : λi(x, g) > 0} and M
′′
i (f) =Mik(i)(f) \M
′
i(f).
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Then we have
(3.6) m(M ′′i (f)) ≤
ε
2
.
In fact, if m(M ′′i (f)) >
ε
2 , we have∫
M
|λi(x, f)− λi(x, g)|dm ≥
∫
M ′′
i
(f)
|λi(x, f)− λi(x, g)|dm ≥
1
k(i)
m(M ′′i (f)) > ε
′.
This is a contradiction. 
Claim 2. For any ε > 0, there is δ2 > 0 such that for any g ∈ U(f, δ2) and any
i = 1, 2, · · · , d, there exist N ∈ N and a g-invariant set M˜i(g) ⊂M such that
(1) there is a N -dominated splitting of index i;
(2) m(M˜i(g)△Mi(f)) <
ε
2 .
Proof of Claim 2. By Lemma 2.1, there is a N(x)-dominated splitting of index i
at each x ∈ Mi(f), for any ε > 0, there are N ∈ N and an f -invariant subset
M˜i(f) ⊂ Mi(f) such that m(Mi(f) \ M˜i(f)) <
ε
4 and there is a N -dominated
splitting of index i at each x ∈ M˜i(f).
By the persistence property of dominated splitting and Lemma 2.3, for any ε > 0,
there is δ2 > 0 such that for any g ∈ U(f, δ2) there is g-invariant set M˜i(g) closing
to M˜i(f) such that there is a N -dominated splitting of index i at each x ∈ M˜i(g)
for Dg and m(M˜i(g)△M˜i(f)) <
ε
4 . 
Set
M+i (g) = {x ∈ M˜i(g) : λi(x, g) > 0} and M
+(g) =
n⋃
i=1
M+i (g).
Then M+i (g) and M
+(g) are g-invariant. By (2) of Claim 2 and (3.3), for any
g ∈ U(f, δ2) and any i 6= j, we have
m(M+i (g) ∩M
+
j (g)) < ε
and so
(3.7) m(M+i (g) \
i−1⋃
j=1
M+j (g)) ≥ m(M
+
i (g))− (i− 1)ε.
Furthermore, noting
M˜i(g) ∩M
′
i(f) ⊂M
+
i (g) ⊂ M˜i(g),
by Claim 1 and Claim 2, we have
m(M+i (g)△Mi(f)) < 3ε, ∀g ∈ U(f, δ),
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here δ = min{δ1, δ2}. Since m(∪di=1Mi(f)) = 1, it holds that
m(M+(g)) ≥ 1− 3dε.
Now, we turn to estimate hm(g) for g C
1-close to f .
For g ∈ U(f, δ), we have∫
M
+
i
(g)
|λj(x, g)− λj(x, f)|dm ≤
∫
M
|λj(x, g)− λj(x, f)|dm < ε, ∀j = 1, 2, · · · , n.
So,
(3.8) ∫
M
+
i
(g)
i∑
j=1
λj(x, g)dm
>
∫
M
+
i
(g)
i∑
j=1
λj(x, f)dm− iε
=
(∫
M
+
i
(g)\Mi(f)
+
∫
M
+
i
(g)∩Mi(f)
) i∑
j=1
λj(x, f)dm− iε
≥
∫
M
+
i
(g)∩Mi(f)
i∑
j=1
λj(x, f)dm− iDfm(M
+
i (g) \Mi(f))− iε
=
(∫
Mi(f)
−
∫
Mi(f)\M
+
i
(g)
) i∑
j=1
λj(x, f)dm− iDfm(M
+
i (g) \Mi(f))− iε
≥
∫
Mi(f)
i∑
j=1
λj(x, f)dm− iDf(m(M
+
i (g) \Mi(f)) +m(Mi(f) \M
+
i (g)))− iε
≥
∫
Mi(f)
i∑
j=1
λj(x, f)dm− (3iDf + i)ε
Then by (3.7), (3.8) and Lemma 2.5,
hm(g) ≥
d∑
i=1
∫
M
+
i
(g)\∪i−1
l=1
M
+
l
(g)
i∑
j=1
λj(x, g)dm
≥
d∑
i=1
(∫
M
+
i
(g)
i∑
j=1
λj(x, g)dm− (i − 1)εDf
)
≥
d∑
i=1
(∫
Mi(f)
i∑
j=1
λj(x, f)dm− (4Df + 1)iε
)
= hm(f)−
d(1+d)(4Df+1)
2 ε.
Setting D = 3d2Df +
d(1+d)(4Df+1)
2 , we completes the proof of (3.2).

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